EXPONENTIAL FORMULAE FOR SEMI-GROUP OF
OPERATORS IN TERMS OF THE RESOLVENT

BY
Z. DITZIAN

ABSTRACT

Rate of convergence in terms of the modulus of continuity of either T(¢)f or of
T(t)Af, where T(t)is a strongly continuous semi-group of operators, is obtained
for Phillips’ and for Widder’s exponential formula.

1. Introduction

In this paper T(¢) will be a strongly continuous semi-group of operators from
a Banach space 4 into itself that is; a €, semi-group; A will be its infinitesimal
generator; and R(4; ) = (AI — A)~! the resolvent of A. Recalling that

(L.1) RO, A)f = L “eMTmfdt 2>y

[6, p. 352], an inversion formula for the Laplace transform will express T(f)f in
terms of R(A; A)f, in other words, will yield exponential formulae for T(f).
It was shown by Phillips [8] that
e A0 k
1.2) lim e X ' RUAL;A)f->TOS

A= k=0 k

for all f € # uniformly in t€[0,L]. Also, following Widder’s inversion formula
[9, Ch. VII], it was proved that for feZ (see [6, p. 352])

(1.3) lim (l:—R (% A))kf > TS

k—+wo

uniformly in [0, L].
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We shall be interested in the rate of convergence of (1.2) and (1.3) in terms of
the modulus of continuity in [0, L], w,(d; T( - )f) defined by

(14 w8 T(+) = sup{|| TGS — TS

;|t1“t2| £0,0=s1, =L}

The rate of convergence of Hille’s first and second exponential formulae
[6, p. 354] in terms of (1.4) were investigated by Hsu [7], Butzer and Berens [1]
and the author [2], [3]. The rate of convergence obtained in this paper is
Kwi(A~%; T(+)f) and K wy(k=*; T(*)f) for some constants K and K; for
(1.2) and (1.3) respectively. It will be shown that considering only w(d; T(*)f)
the estimates for Widder’s and Phillip’s exponential formulae are up to a constant
best possible, since k=% (or 1~%) cannot be replaced by a function of k (or 4)
tending faster to zero. However, when d/dt(T(f)f) is continuous (or f € Z(4)),
a better estimate is possible in terms of the modulus of continuity of d/d«(T(t)f
= T(t)Af; or modulus of continuity of T(f)Af. The rate in this case will be
KA~ %w, (A%, T(-)AS) (for some constant K) for (1.2) (and k replaces 4 for
(1.3)). We shall show that even if d"/d¢"(T(t)f) is continuous for all m (that is,
fen,, 2(4™) we cannot improve on the results obtained by considering only
f €2(A).

2. Preliminary Lemmas

In this section we shall prove some Lemmas which will be essential for the proof
of our rate of convergence estimates.

LemMa 2.1. Let K(t,7;A) be the positive measure defined by

© 2 _n—1
. =AMt Atz
(2.1) K, 4) = e {EI Gy

+ 5(¢)},

then for A>a2 20

@ B 2
2.2) J-O K(t,t; A)(t — ‘L')Ze“fd‘t =¢e lr{}'?-’—t - _ - a)Z}

+ {tz[(gi o6)2 - 1]2 + l2_t -+ (lfa)z}exp[at+ (e®t]A — a)]

and

® 1 e ™
2.3) f K(t, it — e =1 + £
0
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Proor. We shall calculate the integrals [§° K(t,7; Ni'e®dr for i =0,1,2
and both (2.1) and (2.2) will follow combining them. Fubini’s theorem, applicable

since K(t,7;4) — ¢ *¢*? §(r) = 0, implies for A>a = 0

@ A2ntne—ﬁ.t
n=1 (n ')2

S W S e 2 « \].
=5 n_!(/l— oc) ¢ “”‘P[”(‘ ! +m)]-exp[“t(1+m)]’

® © 2n.n —Ait
2.5) f Ko Aye™dr = 3, 2 te (nt 1)
O n

. nl(h—oytt

= —£—)2t+ ! exp(at(1 + - —e_m
_(l—oc 1= o) TP A—ua A—a

using té(7) = 0; and

2.4 f K(t,t; )e*dr = f e AW 4 oM
0 0

(2.6) f K(t,1; )t?e™dt
0

el e e el ( 4 29) -

Q.E.D.

In the particularly useful case « = O we have as a corollary of Lemma 2.1

© 2t 2 _af2t 2
. _ 2 - = “ arfet _ “~
2.7 J:) K(t,7; A)(t — 1)°dt T + e +e (l AZ)'

Also, if A is large enough we have
COROLLARY 2.1.a. For 2 = Ay(a;L) and t £ L < o

2.8) f K(t,7; )t — )%™ dt < M%
4]

where M depends on Ay, o and L.
Our next Lemma will be related to Widder’s exponential formula (1.3).
Lemma 2.2. Let W(k;t,1) be given by

1 k k+1
2.9) W(k;t,r)ETc—'(—t—) e keltgk,

then for k > at
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(2.10) L ® Wk t,0)e™(t — 1)

_ t2(1 _2k+2 (k+1)(k+2))( ~ at)-k-l,

k —at (k — ar)? 3

and
@.11) f W(k; 1,2t — t)de = ——-.
. X

Proor. Following Lemma 2.1, we shall calculate [& W(k;t,7)’e*dr for
i =0,1,2 as follows:

0 1 k k+1 a0
(2.12) f W(k;t,7)e* dz =—,(—) f e ~Keites ok gr
0 ki\ ¢ 0

@.13) f W(k; 1, Dyre “d = t('k‘“)(1 _%’)_H :

and

® ) w g _ 2k + Dk +2) o\ F 7
(2.14) J; W(k, t,‘c)tze dt = t2 —-(—k-—_- Ott)z (1 - —E) .

Combining (2.12), (2.13) and (2.14), we obtain (2.7) and (2.8).
The particular case of (2.10) when o =0 will be of use

2.15) f Wik; t, ot — 1)t = (1 }622):2

The following simple corollary of (2.10) will be sufficient for most of our
estimates.

COROLLARY 2.2.a. Let w(k;t,7) be given by (2.9), then for k = k¢(a, L),
ko > oL + 1,and t £ L, we have

(2.16) f Wk;t, D)t — 1) e dt <M l—,
0

where M depends on o, L and k.

Proor. The expression (k/k — at) is bounded for k = at 4 1; (1 — at/k)™**
is bounded; and so is a polynomial in ¢ where te[0, L]; which together imply
that (2.15) follows from (2.12).
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3. Rate of convergence depending on w; (5, T'( - )f).
We shall investigate first the rate of convergence of Phillips’ exponential formula.

THEOREM 3.1. Let T(t) be a € semi-group, then for 0 <t < L — 0 (0 fixed)
and 4 = Ay we have

(Ao
n ‘

6o [e T ELREAYS - TOF | < MU w4 TC1)

Proor. Using (1.1) and recalling that for n 2 1, 2 = 2, and | T(9) | £ Ke™
(which is always satisfied for some 4,) we have

(3.2) (R(A; ) = ;_' j e """ 1 T(1)dtr for n =1,
Jo
while (R(4; 4))° = I. Therefore, we can write for A > 4,

6y 1Gun=er T LY
n=0 h

RO A f = TOS

_e—)-t ° E (AZt)n 1:n——l e-—lt [T(T)f T(t)f]d‘c+ —At [f T(t
- W D2 ) AL

0

where the change of order of integration and summation is justified for 4 > 4,
by their absolute convergence, and the insertion of T(f)f under integral and sum
signs is justified by (2.4) (substituting there a« = 0). For 0 £t < L — 6 and
n < 6 we can write

G4 | T@f = TOS| £ wil|t—t[, TCHN) S A+ 741 = 1)weln, TCHS),

and, therefore, estimate I(4,¢;f) as follows:

11,60 = { f (’m)n( +IT;tl)t”_1e““d‘c

n=1 (n1)?

+ e"‘(l + l1;-')}%(11, Ty +e™ L E 8;1;)2 (IT@1]

+ | T f)" " e .

Using the estimate | T(0)f[| < K | f| &%, the definition and positivity of
K(t,7;7%), and the monotonicity of 6~%(t —7)* in L £ © < o0, we have

1.0 < { [ "R, 2)de + 7t f :K(t,r;l)lt—fldf}m(n, T(-))

1 © , . ; ~
+ 3 [ KOmDo— oK || + e = 1+ 1.
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Since [§ K(t,7;4)dr = 1, we have, using Cauchy-Schwartz inequality and
(2.8),

(3.5) J;wK(t,t;l)lt —tldr < ‘J;wK(t,‘r;ﬁ.)(t—rydrr < M-t

Choosing now 1 = A~%, we obtain
Iy £ (1 + 2ME-Hw (A3, T( ) f).
Corollary 2.1.a and simple properties of the modulus of continuity imply

L S My < Mawy (T )f) S M=, TC)P), f #0.

I,=0for f=0.
Combining the estimates for I, and I,, we complete the proof of our theorem.

Our next result will be about the rate of convergence of Widder’s Exponential
formula.

THEOREM 3.2. Let T(¢) be a¥%, semi-group, then for k = ky and, 0 <t < L— 6,
we have

6o i(Er(+ AYFis = TOF | S MELwlk~%,TCHP.

Proor. Following (3.2) and | T(f)| < k&, we have

3.7 (—I;R(l;—,A))kH = (é)k“ . k—l' f :e_k't"T('c)d‘c,

where the integral converges for k/t > A, or k > Ayt. Choosing ko > AoL + 1,
we can proceed as in the proof of Theorem 3.1., using Lemma 2.2 instead of 2.1.
In fact, wherever Eq. (2.1) (I = 1,---,8) is used there, we should us here Eq.
(2.1 + 8) and replace A by k. Q.E.D.

4. Rate of convergence for f 2 (4).

In this section the rates of convergence of the exponential formulae (1.2) and
(1.3) are related to the modulus of continuity of (d/dt) T(t)f. We would not treat
connections with the modulus of continuity of higher derivatives, since, as we
shall see later, for the formulae treated, the estimates would not improve by more
then a multiplicative constant.

THEOREM 4.1. Let T(t) be a €, semi-group, then if (d/d)T(@®)f = T(HAf
is continuous, we have for0 <t < L -6
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_a o (A" N
@0 % T LV R0 ayps- T0S] £ MA- G TCAD 3> 2,
n=0 :

and

4.2) ]|(—’;R(§;A))"“ f=TOf| £ Mk-*wyk~%,T(-)Af) k> k.
Proor. If T(t)Af is continuous, we write
1
T@S - TOf = (= 1) fo T(t + Uz — DA

1
= —-DTHAf +(—1) fo [T+ {(x—DASf — T(HOASL.

We shall prove (4.1) first. Following (3.3) in the proof of Theorem 3.1 we have
fort £ L -6

I0,1,) = T(AS J'O Kt ) — f)de

0 1
+ f K(t, ;D — 1) { ( [T(t+ ¢ — t))Af—T(t)Af]dC}drEIl—Hz.
0 J O

Using 2.3, we estimate I, by

1 e 1
@y nl sl (5 +5) < 2lo] 4] - 1

To estimate I, we write

L 1
|| < f K(t,r;/l)]r—-t|f | T( + L& — DASf — TOAS | dC}de
o 0

+ LwK(t,r;/l)|r—t|{” T(DAS | +f0 I T(t+C(r~t))Af”dC}d1

= J 1 + J 2.
To estimate J; we estimate first the inner integral

1 1
L | T(t + 0z — ) Af = T(0Af| dt < L Wi |t = t], T )Af)d
< f wil [t — [ TC)ANAL = wi([t = 1[5 T(-)AS)

S (Lt —t|)wiln; TC- )AS)).
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Therefore,

L
Ty 5[ Kewp|e— |+t = w7 e
< w10 ([T K e ]i= | des
0

x f K(t, w3 A)(t — T)Zd‘t}.
0
Choosing # = A~* and recalling (2.8) and (3.5), we obtain
44 J, < (M*;l-* + A%M%)WL(A—%; T()Af) € KA~ w (A~%; T(-)AS).

To estimate J, we recall that | T(AS || < |T(@) | | Af]| £ M| Af]| e** and
therefore, we have, using the monotonicity of l'c - tI for te[L, ) and the
positivity of K(z,7,4),

.fz = fﬂo K(t,‘r;l)l‘c — t|M H Af H (elot + e;,o(,.*.,))d‘c
L
< M| Af| elmé f: K73 ) (2 — %(L + )
<

M| 4 f]e“”% f K(t,7;0)(m — ¥ (1 + e*)dt < K, - A1
4]

< Kz'l_éwl,L(/l_%a ().

Combining the above estimates, we complete the proof of (4.1). The proof of
(4.2) is analogous using (2,1 + 8) wherever (2, 1) is used in the above.

5. On the generality of estimates in Sections 3 and 4.

We shall first show that the estimate in Theorem 3.2 is the best possible
up to a multiplicative constant. To demonstrate the above, let us consider the
example of the Banach space Cy( — oo, ) of bounded continuous functions,
which tend to zero as x tends to infinity, and the semi-group T(¢)f(x) = f(t + x).
1-|x] |x|=1

We choose fi(x) = {0 otherwise

, and for this choice obviously

wi (8, T(-)f) = & (valid for any L). To compute a lower estimate for (3.6) on
the other hand we estimate '
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k k+1 1 0 st k
(5.1) sup | 7) wml, e f1(x + 1)dt — fi(x + 1)|.

We justify the statement above if we show for some x the expression in (5.1) is
greater then Kk %, where K > 0 is independent of k, Choosing x = — 1, ¢ = 1,
and 0 < 6 < 1, we have

W [ e - D - A0 = Lt Ty

where I; and I, are integrals on |’t—1| <4, and It—ll > 0 respectively.
For [t| 26 fi(t~1)=£(0) = — |7 — 1], and, therefore,

1] = k"“kl' ﬁl_tléae_’"rklr ~1]|d.
Using Theorem 4.3 of [5] and especially (13.3) there, we obtain for a; = 0,
g(k) =k, A =0, and h(x) being h(z) here and h(zr) = — v+ logr,a=1,b=1+34,
the estimate

1

3. pktl
k*- K l

1+4d
f et — )di~m A>0 k- .
1

A similar estimate is valid for [{_; and, therefore, II 1] > K'k™% for k = k.
I, can be estimated by (2.15)

12
< < A2
L] < f“_m W(k; 1,1)dx < f (L — o2W(k; 1,1)dx < 52(k + k2)

But

K<t —kl' fw e T fi(r = 1) _f1(0)]d7| = |11| - IIZI’

which completes the proof that the expression in (5.1) is greater than Kk—%,
To show that the result of Theorem 3.1 is also best possible we use the same
space, semi-group and function as in the above. We have to show that

5.2) f K(l‘ci)|r-—1|dt>c/l“2 for some ¢ > 01 = 4.
|

t—1]<6

Following calculations in Lemma 2.1 we obtain after messy derivations of
[C K@, )ddr i=0,1,2,3,4

+ 1T T2t )

12:2 72t 24 _ (4 122 24t 24
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In particular {§° K(1,7,A)(1 — ) dr = (12/A%) + o(1/42).
Using (2.7) and Cauchy-Schwartz’s inequality we have

2 +o0 1) = K(1,7, (1 — 7)%dt
atel) =,

g{f K5, 4|1 - tl%tYUjK(l,r,l)l - r[dt}%

g{f K(, 5|1 —tl“dr}%{f: K(l,r,/l)ll—tlzdt:*

) %+
% {f K(1,5,M)|1- tldr}
0
which implies

(7 sait=sief” = (ool +o(2) ")

= 2 1 +0(1) L= o0
- T % aF
24 A 4
or K(l,t,l)‘l—t‘dzg—z—l—i-o —1— A= 0.
, - atols
J8
Since
f Ko d)|1—t|de < & K(1,7, )1 — 7)%de
[1-tl28 0 Jit-tzs

lIA

I f K(1, 7, (1 — 7)%ds
3 Jo

=12 +o ! A=
8|4 A
we can easily conclude the proof of (5.2).

We shall show now that if in Theorem 4.1 we assumed the existence and con-
tinuity of all derivatives of T(f)f, we would not improve our estimate.

Let us treat the Banach space of continuous functions in [0, ), satisfying
lim, ., e % (x) = 0, with the norm |f| =sup|e *f(x)|, and let T()f(x)
=f(x +t). Choosing now f;(x) = x*, obviously T(f)f;, has all derivatives.
Using the lemmas of Section 2 and Theorem 4.1, we get
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=|e* 3 “ ' R 4y — TV

= suple"“foO s G T+ %) = (¢ +x)] de

n=1 (ﬂ ')2
+e M[x* — (1 +x)%]|.
Let us choose x = 1, then we have by (2.4), (2.5) and (2.6)

13| = J;w K, 7, Y[(z* — 13) + 2(r — t)]d=

A 2 270 1 €
ﬁ+————+2————/1

I

IV

4t
PR TP i 1

Similarly and using the same example, we show that (4.2) cannot be improved:

I+ HR(Sa) - on

sup | J:o W(k;t,7)((x + x)* — (t + x)*dz]|.

1(k)

It

Choosing x = 1 and using (2.12), (2.13) and (2.14), we obtain

1(K)

f " Wk 1,005 — ) + 2t — D)de
4]

tEtEEh

2
((k+2§k+2) 1)+2t(kk+1 1) , 3 2t+2t S 2

6. Remarks, generalizations and corollaries

In this section we make a few remarks that enable us to generalize somewhat
theorems of former sections.

ReMARK 6.1. The modulus of continuity w, (6, T( - )f) depends on the modulus
of continuity in (0,7] w,(6,7( - )f), n > 4, since

61) wiBT()f) = sup | 7@ || w,(8; TC-)f) £ Me *“ P, (8;T()f).

Therefore, in Theorems 3.1 and 3.2 the rate of convergence could be estimated
by K(mw,(A=*; T(-)f) and M(nw,(k~*; T(-)f) respectively. However, since
(6.1) in many cases is far from being best possible, we may have a worse estimate
using it instead of w (d; T( - )f).
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ReEMARK 6.2. Following remark 6.1, we can also estimate wy(0; T(-)Af)

by w,(6, T( - JAf) n > 6 following the above

(6.2) wi(8; T()AS) £ Me™EPw (8; T( - )AS,

and therefore can give the estimates of Theorem 4.1 in terms of
A hw (A7 T T(-)AS).
REMARK 6.3. It may be useful on some occasions to consider the modulus
of continuity in [a, b], instead of (0, L), denoted by
(6.3) w(3; T(-)f.[a,b]) = sup{| T(t,)f ~ T(t2)f

We can observe easily a difference if we consider the semi-group of left translations
on continuous functions on [0, o), such that

slti—t| <8,a 21,1, S b}

0 0x<1
|£]l = sup |e™*f(x)|, and consider f,(x) = {
x20

(x—1) l<x<oo

w(d; T( - )f1)>8" while w(s; T( - )f;, [2,3]) < K - 8. With slight modifications in
the proof we have, instead of Theorems 3.1 and 3.2, for te[a + 1,b — 1]

(A2 1
o RA; D) — TOS | £ Mw(ET()f,[a,bD),

65 | 3
h=0

and
k+1
6.6) u(—’jR(%;A)) f = T £ Mw(k=%,T(-)f[a, bD),

where M depends on f, on [a,b], and on the estimate || () | < Ke™.

ReMARK 6.4. Similar modifications to those mentioned in Remark 6.3 about
taking the modulus of continuity only on [a, b], can be applied in Theorem 4.1
to the modulus of continuity of (d/d6)T(8)f. In fact, T(z)f does not necessarily
have a derivative in (0,a] or f¢ 2(4) but T(a)f €A. We shall obtain for
tefa+nb—n]

6n (R (% ) )= TOF | £ Mt G (OHAT@),

and corresponding formula for the Phillips exponential formula.
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